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We derive full analytic expressions of three-body interactions from Landau level (LL) mixing
in fractional quantum Hall (FQH) systems with Schrieffer-Wolff transformation. The formalism
can be applied to any LL, and to very general systems without rotational or Galilean invariance.
We illustrate how three-body pseudopotentials (PPs) can be readily computed from the analytical
expressions for a wide variety of different systems, and show that for realistic systems, softening the
bare Coulomb interactions (e.g. finite thickness or screening) can significantly suppress three-body
interactions. More interestingly, for experimental systems without Galilean invariance (which is
common for real materials), there is strong evidence that higher orders in band dispersion can drive
the Moore-Read state from anti-Pfaffian to Pfaffian phase. Our analysis points to the importance
of the realistic band structure details to the non-Abelian topological phases, and the analytical
expressions we derived can also be very useful for high fidelity numerical computations.
PACS numbers: 73.43.Lp, 71.10.Pm
The fractional quantum Hall (FQH) system is a class of
two-dimensional strongly correlated electron systems in
which the kinetic energy is almost completely quenched
by strong magnetic field and low temperature[1, 2]. A
prototypical example of strongly correlated topological
phases, FQH states are the breeding grounds for exotic
and potentially highly useful physical phenomena, espe-
cially with non-Abelian quasiparticle excitations[3–6]. In
the FQH regime, electrons partially fill the topmost LL
and stay there most of the time due to the large energy
gaps between LLs. More interestingly, while fundamen-
tally only two-body Coulomb interaction can exist be-
tween electrons, there can be effective three or more body
interactions due to the quenching of the kinetic energies
and virtual excitations into higher LLs[7]. Such effec-
tive many-body interactions are of utmost importance
to some of the most interesting, non-Abelian topological
phases in FQH systems[8–10], with rich physical impli-
cations and potential practical applications including the
design of topological quantum computers.
A number of detailed perturbative and numerical cal-
culations for the effects of LL mixing from realistic inter-
actions have been reported in literature[7, 11–17], almost
all of which focuses on the three-body interactions rele-
vant to the simplest of all non-Abelian FQH states: the
Moore-Read (MR) state[8]. In practice, the perturbative
calculations are computationally involved, giving individ-
ual three-body pseudopotentials (PPs) which only lead
to a partial understanding of the full interaction. It is
useful to have full analytic expressions of the three-body
interactions from the LL mixing of realistic experimen-
tal systems, from which different physical contributions
can be transparently interpreted. For numerical analysis,
such expressions also allow us to perform computations
without using truncated PPs, as such truncations can
lead to approximations with unpredictable errors when
combined with finite size effects[12, 18–22].
From experimental perspectives, there still remain
many challenges in the study of the Moore-Read states,
even though the plateau of the Hall conductivity at filling
factor µ = 5/2 has been unambiguously observed[23, 24].
The main difficulty is because the MR state is quite
fragile, with small incompressibility gap requiring very
high quality samples[25–28]; and there exists ambigu-
ity between the Pfaffian (Pf) and anti-Pfaffian (APf)
phases in realistic systems, which belongs to two dis-
tinct non-Abelian universality classes at the same filling
factor[29, 30]. The APf is the particle-hole conjugate of
Pf, with the same energy for any two-body interactions.
Three-body interactions from LL mixing break particle-
hole symmetry and could be decisive on which phase is
favoured. Recent propositions of the particle-hole Pfaf-
fian (PH-Pf) also lead to more possibilities[31, 32]. Given
the sensitivity of the nature of the MR states to various
experimental details, additional theoretical tools with
better insights can go a long way in tackling the experi-
mental difficulties in realising robust MR states with un-
ambiguous non-Abelian statistics[29, 30, 33].
In this paper, we describe a first quantized formalism
in deriving full analytic expressions of effective three-
body interactions from LL mixing using the Shrieffer-
Wolff (SW) transformation[34]. The formalism can be
applied to anisotropic systems[38–43], or systems where
LLs are not equally spaced (no Galilean invariance[44]).
The analytical expressions show clear and illuminating
contributions from realistic bare interactions, LL spec-
trum, form factors within LL, form factors from virtual
excitations into higher LLs, and various metrics in the
system. We study some general features of the three-
body interactions. In particular, we show that small
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2breaking of the Galilean invariance can significantly drive
the interaction from favouring APf to Pf phase. Given
that in realistic materials Galilean invariance is naturally
broken with higher orders in band dispersion, this has
deep implications on the importance of the detailed band
structures for non-Abelian phases at half-filled LLs.
Shrieffer-Wolff Transformation– As a form of de-
generate perturbative calculation, the Shrieffer-Wolff
(SW) transformation for quantum many-body systems
is a standard and powerful tool for a number of
applications[34]. Starting with the full Hamiltonian of
the quantum Hall system as follows:
H =
∑
i
h
(
a†iai
)
+
∫
d2qV~q
∑
i 6=j
eiqar
a
i e−iqar
a
j (1)
= H0 +H1 +H2 (2)
where H0 =
∑
i h
(
a†iai
)
is the kinetic energy with ai, a
†
i
as ladder operators defining the LLs, and h (x) can be
non-linear for systems without Galilean invariance; i, j
are particle indices. In Eq.(1) the interaction part comes
form the fundamental two-body Coulomb interaction be-
tween electrons. For the special case of two-dimensional
systems with zero thickness, V~q = 1/q with q = |q|, the
Fourier component of the Coulomb interaction. We fo-
cus on the perturbative limit that the energy scale of H0
dominates. The complication comes from the fact that
while H0 is diagonal in LLs, it does not commute with the
interaction part of H: the Coulomb interaction will mix
LLs. We thus separate the interaction energy into two
parts (H1, H2) in Eq.(2), with [H0, H1] = 0. Explicitly
we have
H2 =
∫
d2qV~qe
−q2/2∑
i 6=j
fq (Rij)
′∑
cq1234Vˆ
1234
ij (3)
Vˆ 1234ij =
(
a†i
)n1
(ai)
n3
(
a†j
)n2
(aj)
n4 (4)
fq (Rij) = e
iqxR
x
ij+iqyR
y
ij (5)
cq1234 =
(iq)
n1 (−iq)n2 (iq∗)n3 (−iq∗)n4
n1!n2!n3!n4!
(6)
where q = (qx + iqy) /
√
2,
∑′
sums over all terms that
does not commute with H0, and R
x,y
ij = R
x,y
i − Rx,yj are
guiding center coordinates commuting with ai, a
†
i . H1 is
identical to H2 with the only difference that the summa-
tion goes over all terms commuting with H0. We would
like to construct an effective Hamiltonian Heff = e
SHe−S
that is diagonal in LLs, related to the original Hamil-
tonian via an SW transformation with the antiunitary
operator S. We organise S and the transformation as
follows:
S =
∞∑
n=1
Sn, Heff = H + [S, H] + 1
2
[S, [S, H]] + · · · (7)
with Sn ∼ (∆)−n, which is the inverse power of the
typical energy scale in H0. If LLs are equally spaced,
∆−1 ∼ κ = e2/ (~ωclB), the small parameter com-
monly used in literature[7, 11–17]. Our goal is to keep
Heff diagonal in LL order by order. To O (1) we have
Heff = H+[S1, H0]+O
(
∆−1
)
. We thus need the follow-
ing condition:
H2 + [S1, H0] = 0 (8)
This can be solved exactly, with the following explicit
expression that can be easily checked by plugging into
Eq.(S12):
S1 =
∫
d2qVqe
−q2/2∑
i 6=j
fq (Rij)
′∑
cq1234Vˆ
1234
ij Gˆ
1234
ij (9)
Gˆ1234ij =
(
hn1n3i + h
n2n4
j − h00i − h00j
)−1
(10)
where we have hmni = h
(
a†iai − n+m
)
, and
[Gˆ1234ij , H0] = 0. So far we obtained Heff = H0 + H1
in the limit of ∆ → ∞. To go beyond the lowest order,
we note that at O (∆−1) we have
[S1, H1 +H2] +
1
2
[S1, [S1, H0]] = [S1, H1 +
1
2
H2] (11)
where we have used Eq.(S12), and Eq.(11) again contains
a part that commutes with H0. Just like we used S1
to cancel the part that does not commute with H0 at
O (1), we now assume that we can use S2 to cancel the
part that does not commute with H0 at O
(
∆−1
)
. We
thus only need to calculate the LL conserving part of
Eq.(11), given the explicit expression in Eq.(S1). This
part contains corrections to both two-body and three-
body interactions from LL mixing at the order of ∆−1.
Effective Three-body Interactions– To extract from
Eq.(11) the part that commutes with H0, one should
note that given [S1, H0] 6= 0 and [H1, H0] = 0, we only
need to compute [S1, H2]. With some straightforward
algebra[52], both the two-body and three-body interac-
tions can be explicitly evaluated. In this work, we only
focus on the three-body interactions, which in the LLL
is given as follows:
V
(0)
3bdy (~q1, ~q2) = V~q1V~q2J0
(
q21
2
,
q22
2
)
F0 (~q1, ~q2) (12)
Jα (x, y) = e−x−yLα (x)Lα (y) (13)
F0 (~q1, ~q2) = −
∞∑
n=1
(−P12)n
∆n0n!
cos (nθ12 +Q12) (14)
Here qi is the magnitude of ~qi, ∆
n
m = h (n)−h (m) is the
energy difference between LLs; θ12 = θ2− θ1 is the angle
between ~q1 and ~q2; Lk (x) is the k
th Laguerre polyno-
mial. We also defined P12 =
1
2q1q2 and Q12 =
1
2 |~q1 × ~q2|.
The form factor from virtual excitations in Eq.(S32) is
a well-behaved function that can be very well approx-
imated by keeping a few terms in the summation. It
also has an equivalent compact form expressed in terms
3of incomplete Gamma functions when we have Galilean
invariance[52], though the physics is more transparent
with the explicit sum. One can also easily introduce non-
trivial metrics into Eq.(S30) for systems with anisotropy,
e.g. with phosphorene systems[35].
The three-body interaction in the first LL (1LL) can
also be readily derived as follows:
V
(1)
3bdy (~q1, ~q2) = V~q1V~q2J1
(
q21
2
,
q22
2
)
F1 (~q1, ~q2) (15)
F1 (~q1, ~q2) = −P12
∆10
cos (θ12 −Q12)
−
∞∑
n=1
(−P12)n
∆n+11 n!
cos (nθ12 +Q12)L
(n)
12 (16)
L
(n)
12 = n+
P 212
n+ 1
+
1
2
(
L1
(
q21
)
+ L1
(
q22
))
(17)
We can readily verify the correctness of Eq.(S30) and
Eq.(S35) by evaluating the three-body PPs via calcu-
lating the energy expectations of antisymmetric three-
particle wavefunctions in LLL and 1LL[1]. We have
thoroughly and rigorously performed the checking both
for three-body and two-body interaction corrections from
LL mixing at O (∆−1); the results agree perfectly with
those reported in the literature if we take h (x) =
~ωc (x+ 1/2), where ωc is the cyclotron frequency[16,
17, 52]. In addition, Eq.(S30)∼Eq.(S35) are valid for
any types of bare interactions V~q, both for isotropic and
anisotropic systems. They are also valid for any LL spec-
trum, which is useful for graphene like systems[53].
Realistic Interactions– We first look at Galilean invari-
ant systems with h (x) = ~ωc (x+ 1/2) so that LLs are
equally spaced. We can now replace V~q in Eq.(S30) and
Eq.(S35) with various different experimentally realizable
bare interactions. With the explicit three-body interac-
tions, it is very convenient to explore the behaviours of
three-body PPs directly. In Fig.(1) we take V~q =
1
q e
−kq
and V~q =
1√
q2+k2
respectively, modelling the 2D elec-
tron gas in a sample with a finite thickness[21], or with
screening[37]. One can see that in both cases, increasing
the sample thickness or screening reduce the effects of
LL mixing. It is thus a general trend that LL mixing is
suppressed when the Coulomb interaction is softened one
way or another.
For Galilean invariant, isotropic systems, we analysed
a large class of interactions, and found that as long as the
bare interaction V~q decays for large q monotonically, V3 is
generally the dominant three-body PP. The sign of V3 is
of particular importance for the MR state at half-filling.
This is because in addition to breaking the PH symmetry,
a positive V3 gives the model Hamiltonian for the Pf state
(of which it is the exact zero energy state), and a negative
V3 plus a specific two-body interaction[45] is the model
Hamiltonian for the APf state. All the interactions we
analysed have negative V3, and all PPs become weaker
FIG. 1: Evolution of three-body PPs as a function of the
softening parameter k. a). V~q = 1/
√
q2 + k2 in LLL; b).
V~q = 1/
√
q2 + k2 in 1LL; c). V~q = e
−kq/q in LLL; d). V~q =
e−kq/q in 1LL.
when the bare interaction is softened (e.g. by the finite
thickness). We thus expect that in realistic systems, the
non-Abelian topological phase is mostly stabilized by the
effective two-body interactions. However, small three-
body interactions from LL mixing could be crucial in
determining if we have Pf,APf or PH-Pf phases, or even
a mixture of two phases with domain walls[31, 32, 46–
50]. Given that all varieties of bare interactions we have
analysed give negative V3, this is strong evidence that in
Galilean invariant, isotropic experimental systems, the Pf
is not the preferred MR state, even with realistic interac-
tions having details not exactly captured in our analysis
(e.g. detailed confining potentials in the vertical direc-
tion).
Non-Galilean invariant systems– Apart from degrees
of freedom such as spins, different experimental systems
are fully characterized by the bare interaction profile V~q
(which could be anisotropic relative to the effective mass
tensor), and ∆nm intrinsically determined by h (x), the
single particle LL spectrum. In general, Galilean invari-
ance is only an approximation in real materials, when
the Fermi level is near the bottom (top) of the conduc-
tion (valence) band[52]. Higher order terms in momenta
generally exist, however, leading to LL spectrums not
equally spaced.
It is worth noting from Eq.(S30) and Eq.(S35) that vir-
tual excitations into different LLs are suppressed in two
ways: the factorial suppression from the Taylor expan-
sion of the density operators, and the suppression due to
the energy gaps between LLs. The latter can in principle
4be tuned in experiments, so it is instructive to first look
at the “bare contribution” from the virtual excitations to
each LL, without the suppression of the LL energy gaps.
As one can see from Fig.(2), even without energy sup-
pressions, bare contributions from higher LLs decreases
rapidly with LL index. In the LLL, most of the effects
come from virtual excitations into the 1LL, which gives a
large negative V3 contribution. As a result, we do not ex-
pect non-linearity in h (x) could overcome this dominant
contribution. We thus expect Pf to be always disfavoured
in the LLL (if an incompressible phase exists) when other
factors are ignored.
FIG. 2: Contributions from each LL to different three-body
PPs, computed from Eq.(S30) and Eq.(S35), without the en-
ergy gap suppressions in Eq.(S32) and Eq.(S36). Only one
term in the summation in Eq.(S32) or Eq.(S36) is used, in-
dexed by n which is the x-axis. a). Contributions to effective
interactions in LLL; b). Contributions to effective interac-
tions in 1LL, n = −1 is given by virtual excitations to and
from LLL.
It is interesting to see that in the 1LL, the virtual exci-
tation to and from the LLL gives a positive contribution
to V3, while those to all higher LLs give negative con-
tributions. We can thus in principle tune the LL spac-
ing to enhance the suppression into higher LLs, to bring
the overall V3 from negative to positive. In Fig.(3a) we
plot various three-body PPs with the simple model of
h (x) = x+ 1/2 +k (x+ 1/2)
4
, with Coulomb interaction
V~q = 1/q. While clearly we have a dominant negative V3
at k = 0, for very small non-linearity there is a transition
to a dominant positive V3. If the two-body interactions
support a sizeable incompressibility gap at half filling, we
take this as strong evidence of a possible APf to Pf tran-
sition, driven by the breaking of Galilean invariance, or
the higher orders of the band structure. In Fig.(3b) we
look at h (x) = x + 1/2 + k1 (x+ 1/2)
2
+ k2 (x+ 1/2)
3
,
and plot the relative strength of V3 as a function of
∆10,∆
2
1 (uniquely determined by k1, k2). Contributions
from higher LLs can be safely ignored based on Fig.(2),
and one can see possible regions where Pf or APf phases
can be stabilized by LL mixing. More extensive numeri-
cal analysis are needed to further investigate such phase
transitions, especially for systems with disorder, partic-
ularly with the recent proposal of particle-hole Pfaffian
(PH-Pf)[31, 32].
FIG. 3: In 1LL with V~q = 1/q, a). Three-body PPs with
h (x) = x + 1/2 + k (x+ 1/2)4; b). V3 with 1LL → LLL and
1LL → 2LL contributions, with different energy gaps. All
other LL contributions are ignored because they are small.
The two shaded regions are V3 > 0.016 and |V3/V6| > 1.3,
where V6 is the next largest PP. The numbers are chosen
arbitrarily to tentatively indicate the possibility of stabilizing
Pf and APf phases.
Summary and Discussions– In this work, we first show
that effective three-body interactions from LL mixing
have illuminating analytic expressions that can be read-
ily derived from Shrieffer-Wolff transformation in the first
quantized form. This allows us to get around sophisti-
cated perturbative Feynman diagram computations that
are more suitable for computing individual PPs. More-
over, the analytic expressions can be used for a wide
variety of physical systems, both with or without rota-
tional or Galilean invariance. Different theoretical mod-
els or experimental systems are completely characterised
by the single particle LL spectrum and the bare inter-
actions between electrons, which can be easily plugged
into Eq.(S30) or Eq.(S35). While we only focus on three-
body interactions in the lowest two LLs, the formalism
works for all LLs and for effective two-body interaction
corrections to the leading order of ∆−1 as well.
Both Eq.(S30) and Eq.(S35) could be useful for nu-
merical computations especially on torus geometry. We
also found in general three-body interactions from LL
mixing are strongest for infinitesimally thin, un-screened
Coulomb interaction. Softening the Coulomb interaction
tends to significantly suppress three-body interaction.
Thus experimentally for MR states at ν = 1/2 or 5/2,
most probably the incompressibility gaps of Pf or APf
are dominated by two-body interactions, at least for cases
where spin or valley degrees of freedom are unimportant.
Nevertheless, for experimental realizations of robust MR
states, the breaking of particle-hole symmetry by LL mix-
ing plays an important role. If the three-body interaction
only weakly prefers one phase (Pf or APf) over the other,
the experimental systems may have complicated arrange-
ments of Pf and APf domains, or PH-Pf phases due to
various factors such as disorder[31, 32, 46–50]. We find
that for clean, Galilean invariant systems, physical in-
5teractions generally favours the APf phase, though the
suppression of the three-body interactions by softening
of the Coulomb interaction (very common in experimen-
tal systems) can easily make the symmetry breaking am-
biguous, which may explain some of the experimental
difficulties in realising very robust APf or Pf phases[51].
We also particularly explored systems without Galilean
invariance, which is a common feature in most materi-
als, though not very well investigated before. When the
Fermi level moves away from the bottom (top) of the
conduction (valence) band, higher orders terms (beyond
the quadratic term) of the band dispersion are generally
present, leading to LLs not equally spaced. Such physics
can be explicitly captured in the analytical expressions
of three-body interactions we derived. Most interestingly,
in 1LL (and higher LLs in general, but not in LLL), we
found that higher order terms in the band dispersion can
drive the three-body interactions from being dominated
by negative V3 to being dominated by positive V3. As
long as the Coulomb interaction is not overly softened,
this will very possibly lead to a phase transition from
APf to Pf via band engineering. We thus propose that
detailed band dispersions in the experimental systems de-
serve more attentions(even for cases where quadratic dis-
persion dominates) for the MR state, because they could
be essential ingredients in determining the nature of the
topological phases found in experiments at ν = 5/2.
The formalism we have derived is in the limit of zero
disorder (clean, translationally invariant systems), while
it is recently pointed out[32, 48, 49] that disorder could
play an important role for stabilising the PH-Pf state.
Weak disorder (as compared to electron-electron interac-
tion) that does not mix LL can be added in a straightfor-
ward way as one-body orbital potentials to the effective
Hamiltonian within a single LL. For relatively strong dis-
order such that the induced LL mixing becomes impor-
tant, more perturbative computations are needed. The
study of interplay between LL mixing and correlated dis-
orders in realistic samples could be crucial for the com-
plete understanding of the topological phases at µ = 5/2.
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Supplemental Online Material for
“Aspects of Three-body Interactions in
Generic Fractional Quantum Hall
Systems and Impact of Galilean
Invariance Breaking”
In this supplementary material we include ana-
lytical details on the derivation of the full an-
alytic expressions for the effective three-body
interactions in the lowest Landau level (LLL)
and the first Landau level (1LL), the verifi-
cations of these expressions by computing the
three-body pseudopotentials (PPs) and compar-
ing with known values in the literature, as well
as explanations of Galilean invariance breaking
in real materials.
S1. DETAILED DERIVATION OF EFFECTIVE
THREE-BODY INTERACTIONS
For a two-dimensional system with a strong perpen-
dicular magnetic field, the canonical momentum is given
by pia = Pa − eAa, where Pa = −i∂a (we set ~ = 1) is
the momentum operator, Aa is the vector potential with
ab∂aAb = B, the magnetic field. Einstein’s summation
rule is implied and a, b = x, y are the spatial directions,
e is the particle charge. The magnetic field defines the
magnetic length lB = 1/
√
eB, thus the spatial coordi-
nates ra can now be separated into the cyclotron co-
ordinates R˜a and the guiding center coordinates Ra as
follows:
ra = R˜a +Ra, R˜a = l2B
abpib (S1)
[R˜a, R˜b] = il2B
ab, [Ra, Rb] = −il2Bab (S2)
[R˜a, Rb] = 0 (S3)
We can thus define two sets of decoupled ladder
operator operators a =
(
R˜x + iR˜y
)
/
(
lB
√
2
)
, b =
(Rx − iRy) / (lB√2) with [a, a†] = [b, b†] = 1, [a, b] =
[a, b†] = 0. In particular, a, a† move particles in between
different Landau Levels (LL), while b, b† move particles
within the same LL.
The most generic Hamiltonian for the quantum Hall
system is thus given by
H =
∑
i
h
(
a†iai
)
+
∫
d2qV~q
∑
i6=j
eiqar
a
i e−iqar
a
j (S4)
where i is the particle index, h is the single particle ki-
netic energy defining the LLs, and V~q is the bare inter-
action between particles. For the special case of two-
dimensional systems with zero thickness, V~q = 1/q with
q = |q|, the Fourier component of the Coulomb interac-
tion. The second term in Eq.(S4) is the usual two-body
density-density interaction.
We now divide the full Hamiltonian into three parts as
follows:
H = H0 +H1 +H2 (S5)
H0 =
∑
i
h
(
a†iai
)
(S6)
H1 =
∫
d2qV~qe
−q2/2∑
i6=j
fq (Rij)
′′∑
cq1234Vˆ
1234
ij (S7)
H2 =
∫
d2qV~qe
−q2/2∑
i6=j
fq (Rij)
′∑
cq1234Vˆ
1234
ij (S8)
Vˆ 1234ij =
(
a†i
)n1
(ai)
n3
(
a†j
)n2
(aj)
n4 (S9)
fq (Rij) = e
iqxR
x
ij+iqyR
y
ij (S10)
cq1234 =
(iq)n1 (−iq)n2 (iq∗)n3 (−iq∗)n4
n1!n2!n3!n4!
(S11)
where H0 is the kinetic energy, the interaction is sep-
arated into two parts H1, H2, in which we used Eq.(S1)
and expanded the exponentials containing ai, a
†
i . We also
S2
define q = (qx + iqy) /
√
2 and Rx,yij = R
x,y
i − Rx,yj (note
they commute with ai, a
†
i ).
In Eq.(S7) the summation
∑′′
goes over all terms such
that [H0, Vˆ
1234
ij ] = 0; in contrast in Eq.(S8) the summa-
tion
∑′
goes over all terms such that [H0, Vˆ
1234
ij ] 6= 0].
The separation of the interaction into two parts thus gives
[H0, H1] = 0, [H0, H2] 6= 0. One should also note the fol-
lowing identity:
[H0, Vˆ
1234
ij ] = Vˆ
1234
ij Fˆ
1234
ij (S12)
Fˆ 1234ij = h
(
a†iai − n3 + n1
)
+ h
(
a†jaj − n4 + n2
)
−h
(
a†iai
)
− h
(
a†jaj
)
(S13)
In cases that [H0, Vˆ
1234
ij ] 6= 0, Fˆ 1234ij is invertible, and we
can define
Gˆ1234ij =
(
Fˆ 1234ij
)−1
. (S14)
and we are ready to implement the Schrieffer-Wolff trans-
formation.
Schrieffer-Wolff Transformation
In Eq.(S5), the only term that mixes LLs is H2, and
our goal is to find an antiunitary operator S such that
Heff = e
SHe−S (S15)
= H + [S, H] + 1
2
[S, [S, H]] + · · · (S16)
resulting in Heff, H having identical energy spectrum,
but Heff does not mix LLs. As a degenerate perturba-
tive scheme, Schrieffer-Wolff (SW) transformation is only
valid in the limit that the energy scale of H0 dominates,
which we assume throughout this work. We thus organize
the antiunitary operator as follows:
S =
∑
n
Sn, Sn ∼ O
(
∆−n
)
(S17)
where ∆ is the energy scale of H0 (we take the energy
scales of H1, H2 as O (1)). The strategy is to compute
Heff in Eq.(S15) order by order. The leading order is
obviously H0 at O (∆), which does not mix LLs. At
O (1) we have
Heff = H0 +H1 +H2 + [S1, H0] +O
(
∆−1
)
(S18)
Clearly the necessary and sufficient condition here is to
have
[S1, H0] = −H2. (S19)
Using Eq.(S8) and Eq.(S12), Eq.(S19) can be explicitly
solved with the following expression:
S1 =
∫
d2qVqe
−q2/2∑
i 6=j
fq (Rij)
′∑
cq1234Vˆ
1234
ij Gˆ
1234
ij (S20)
Note that S1 only contains terms that mix LLs, and
[Gˆ1234ij , H0] = 0. One can obtain other solutions to
Eq.(S19) by adding terms to S1 that commutes with H0,
this will not affect the results derived in this work. The
resulting effective Hamiltonian Heff = H0+H1+O
(
∆−1
)
is the usual effective two-body interaction with no LL
mixing, where H0 can be treated as a constant if all par-
ticles are within a single LL.
We now move onto O (∆−1), which is the order of
interest in this work. Writing H
(0)
eff = H0, H
(1)
eff = H1, all
relevant terms at O (∆−1) are given by
H
(2)
eff = [S2, H0] + [S1, H1 +H2] +
1
2
[S1, [S1, H0]](S21)
Here, we assume all terms in Eq.(S21) that will mix LL
will be cancelled out by a judicious choice of S2 that does
not commute with H0; the first term thus only mixes
LL. We do not need to worry about S2 at this order,
and only need to derive all terms in Eq.(S21) that does
not mix LL. Given Eq.(S19) and that [S1, H1] mixes LL
(since S1 mixes LL but H1 does not mix LL), the only
contributions to Heff at O
(
∆−1
)
are as follows:
H
(2)
eff =
1
2
[S1, H2]
∗ (S22)
which we can explicitly evaluate with Eq.(S8) and
Eq.(S20). The ∗ superscript indicates that only terms
that do not mix LLs are included. Explicitly we have
[S1, H2] =
∫
d2q1d
2q2Vq1Vq2e
−q21/2−q22/2
∑
i6=j,k 6=l
′∑
cq11234c
q2
5678
[fq1 (Rij) Vˆ
1234
ij Gˆ
1234
ij , fq2 (Rkl) Vˆ
5678
kl ] (S23)
A useful identity for the evaluation we will use is that
given [Aˆi, Bˆj ] = 0, we have
[Aˆ1Bˆ1, Aˆ2Bˆ2] = Aˆ1Aˆ2{Bˆ1, Bˆ2} − {Aˆ1, Aˆ2}Bˆ2Bˆ1 (S24)
A rather trivial reorganization of the commutator in
Eq.(S23) gives the following result:
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[S1, H2] =
∫
d2q1d
2q2Vq1Vq2e
−q21/2−q22/2
∑
i 6=j,k 6=l
′∑
cq11234c
q2
5678fq1 (Rij) fq2 (Rkl)
Vˆ 1234ij
(
Gˆ1234ij Vˆ
5678
kl − Vˆ 5678kl Gˆ5678kl
)
(S25)
In Eq.(S25), there are both terms that connect particles
in different LLs, and terms that only connect particles in
the same LLs (after virtual excitations into other LLs).
We are only interested in the latter, as the former will
be cancelled by [S2, H0] in Eq.(S21). Thus the only pos-
sibilities are (modulus permutation of particle indices):
a). i = k, j = l, which leads to effective two-body in-
teractions at O (∆−1); b). i = k, j 6= l, which leads
to effective three-body interactions at O (∆−1). We will
now evaluate the effective three-body interactions in LLL
and 1LL respectively.
Three-body interactions in LLL
We now look at the case of i = k, j 6= l for the deriva-
tion of the effective three-body interaction (indices per-
mutations give identical results). In LLL, the only non-
zero contributions in Eq.(S25) come from n1 = n2 =
n4 = n6 = n7 = n8 = 0, and n3 = n5 > 0. In particular,
let |0〉 be the state where all particles are in LLL, we have
the following:
〈0|Vˆ 1234ij Gˆ1234ij Vˆ 5678il − Vˆ 1234ij V 5678il Gˆ5678il |0〉
= n3!
(
G¯00n30n30 − G¯n300000
)
(S26)(
G¯n1n2n3n4MN
)−1
= ∆M−n3+n1M + ∆
N−n4+n2
N (S27)
where ∆nm is the kinetic energy gap between the m
th
and nth LL as defined in the main text. If LLs are
equally spaced with gaps between adjacent LLs given
by ~ωc, where ωc is the cyclotron energy, then ∆nm =
~ωc (m− n). We can thus rewrite Eq.(S25) as follows:
[S1, H2]
∗ =
∫
d2q1d
2q2Vq1Vq2e
−q21/2−q22/2∑
i 6=j 6=k
eiq1aR
a
i eiq2aR
a
j e−i(q1a+q2a)R
a
k (S28)
=
∫
d2q1d
2q2V
(0)
3bdy
∑
i 6=j 6=k
eiq1aR
a
i eiq2aR
a
j e−i(q1a+q2a)R
a
k
(S29)
Using Eq.(S11) and the corresponding values of n1 ∼ n8,
we arrive at the results presented in the main text, as we
quote here:
V
(0)
3bdy (~q1, ~q2) = V~q1V~q2J0
(
q21
2
,
q22
2
)
F0 (~q1, ~q2) (S30)
Jα (x, y) = e−x−yLα (x)Lα (y) (S31)
F0 (~q1, ~q2) = −
∞∑
n=1
(−P12)n
∆n0n!
cos (nθ12 +Q12) (S32)
and we have θ12 = θ2−θ1 as the angle between ~q1 and ~q2;
Lk (x) is the k
th Laguerre polynomial. We also defined
P12 =
1
2q1q2 and Q12 =
1
2 |~q1 × ~q2| = 12q1q2 sin θ12. For
the special case of Galilean invariance so that LLs are
equally spaced, we have ∆n0 = n~ωc, and Eq.(S32) is also
equivalent to the following expression:
F0 (~q1, ~q2) = Re[
(
γ + Γ
(
0, P12e
iθ12
)
+ log
(
P12e
iθ12
))
eiQ12 ] (S33)
where λ ' 0.577216 is the Euler’s constant, and Γ (n, x)
is the incomplete Gamma function.
Three-body interactions in 1LL
Similarly starting from Eq.(S25), in 1LL the non-zero
contributions come from n2 = n4 = 0, 1, n6 = n8 = 0, 1,
n1, n7 = 0, 1. We also have the constraints that n1+n5 =
n3 +n7 and n1 6= n3, n5 6= n7. Let |1〉 be the state where
all particles are in 1LL, we have the following:
S4
〈1|Vˆ 1234ij Gˆ1234ij Vˆ 5678il − Vˆ 1234ij V 5678il Gˆ5678il |1〉
=
∑
N>0
(N + 1)! (δn1,0δn3,Nδn5,Nδn7,0 + δn1,1δn3,N+1δn5,Nδn7,0 + δn1,0δn3,Nδn5,N+1δn7,1 + δn1,1δn3,N+1δn5,N+1δn7,1)
(δn2,0δn4,0 + δn2,1δn4,1) (δn6,0δn8,0 + δn6,1δn8,1)
(
G¯n1n2n3n4N+1,1 − G¯n5n6n7n811
)
+δn1,1δn3,0δn5,0δn7,1 (δn2,0δn4,0 + δn2,1δn4,1) (δn6,0δn8,0 + δn6,1δn8,1)
(
G¯n1n2n3n40,1 − G¯n5n6n7n811
)
(S34)
The first term in Eq.(S34) involves virtual excitations
into higher LLs, while the second term only involves vir-
tual excitations to and from the 1LL and the LLL. Plug-
ging it back into Eq.(S25), and with some book-keeping,
we obtain the results from the main text which we quote
here:
V
(1)
3bdy (~q1, ~q2) = V~q1V~q2J1
(
q21
2
,
q22
2
)
F1 (~q1, ~q2) (S35)
F1 (~q1, ~q2) = −P12
∆10
cos (θ12 −Q12)
−
∞∑
n=1
(−P12)n
∆n+11 n!
cos (nθ12 +Q12)L
(n)
12 (S36)
L
(n)
12 = n+
P 212
n+ 1
+
1
2
(
L1
(
q21
)
+ L1
(
q22
))
(S37)
Again for the special case of Galilean invariance so that
LLs are equally spaced, we have ∆n+11 = n~ωc,∆10 = ~ωc,
and Eq.(S36) is also equivalent to the following expres-
sion:
F1 (~q1, ~q2) = Re[
(
1− e−P12eiθ12 (1 + P12e−iθ12)− (P12)2 + L1(1
2
q21
)
L1
(
1
2
q22
)
F0 (~q1, ~q2)
)
eiQ12 ] (S38)
S2. COMPUTATION OF THREE-BODY
PSEUDOPOTENTIALS FROM ANALYTIC
EXPRESSIONS
For effective three-body interaction Hamiltonians in a
single LL, the most general form is given as follows:
H =
∫
d2q1d
2q2V~q1~q2
∑
i6=j 6=k
eiq1aR
a
i eiq2aR
a
j e−i(q1a+q2a)R
a
k(S39)
We use the following preferred coordinates for the Hilbert
space of three particles:
Raij =
1√
2
(
Rai −Raj
)
(S40)
Raij,k =
1√
6
(
Rai +R
a
j − 2Rak
)
(S41)
Raijk =
1√
3
(
Rai +R
a
j +R
a
k
)
(S42)
The three sets of coordinates commute with each other.
Since we are looking at the case where Eq.(S39) is trans-
lationally invariant, the center of mass coordinates in
Eq.(S42) do not appear in the Hamiltonian. It is suf-
ficient to look at the case with only three particles, so we
set i = 1, j = 2, k = 3. We can thus define two sets of
ladder operators as follows:
b1 =
1√
2lB
(Rx12 − iRy12) (S43)
b2 =
1√
2lB
(
Rx12,3 − iRy12,3
)
(S44)
[b1, b
†
1] = [b2, b
†
2] = 1, [b1, b2] = [b1, b
†
2] = 0 (S45)
By defining ~q = (~q1 − ~q2) /
√
2, ~q′ =
√
3 (~q1 + ~q2) /
√
2, the
Hamiltonian can be rewritten as follows:
H =
∫
d2q1d
2q2V~q1~q2e
iqaR
a
12eiq
′
aR
a
12,3 (S46)
The Hilbert space of three particles (for now treating
them as distinct particles) is indexed by two non-negative
integers |m,n〉 =
(
b†1
)m (
b†2
)n
|0〉, b1|0〉 = b2|0〉 = 0.
Similar to the two-body cases, we have the following iden-
tity for the matrix elements:
〈m,n|eiqaRa12eiq′aRa12,3 |m′, n′〉 =
√
m!n!
m′!n′!
e−
1
2 (|q|2+|q′|2)(
i
√
2q
)∆m (
i
√
2q′
)∆n
L∆mm
(|q|2)L∆nn (|q′|2) (S47)
S5
with Lnm (x) as generalized Laguerre polynomial, and q =
(qx + iqy) /
√
2,q′ =
(
q′x + iq
′
y
)
/
√
2.
One should note, however, that we are dealing with
identical particles that are either Fermions or Bosons. In
this work we focus on Fermions, so that the three parti-
cle states have to be fully antisymmetric, and its Hilbert
space is spanned by states constructed by Laughlin[1].
Here, it is useful to express these states in the basis of
|m,n〉, and we illustrate this with spin polarized states,
using a set of integers (k, l) to label these states. The rel-
ative orbital angular momentum of these states is given
by α = (2k + 3l). The first few states are explicitly pre-
sented in Table (I), one can easily check that each of them
is fully anti-symmetric.
(k, l) α |Ψkl〉
(0, 1) 3 1
2
|3, 0〉 −
√
3
2
|1, 2〉
(1, 1) 5 −
√
5
4
|5, 0〉+ 1
2
√
2
|3, 2〉+ 3
4
|1, 4〉
(0, 2) 6
√
3
4
|5, 1〉 − 1
2
√
5
2
|3, 3〉+
√
3
4
|1, 5〉
(2, 1) 7 −
√
21
8
|7, 0〉+ 1
8
|5, 2〉+
√
15
8
|3, 4〉+ 3
√
3
8
|1, 6〉
(1, 2) 8 3
4
√
2
|7, 1〉 −
√
7
4
√
2
|5, 3〉 −
√
7
4
√
2
|3, 5〉+ 3
4
√
2
|1, 7〉
(0, 3) 9 1
16
|9, 0〉 − 3
8
|7, 2〉+ 3
√
7
8
√
2
|5, 4〉 −
√
21
8
|3, 6〉+ 3
16
|1, 8〉
(3, 1) 9 −
√
21
8
|9, 0〉+
√
3
4
√
2
|5, 4〉+ 1
2
|3, 6〉+
√
21
8
|1, 8〉
TABLE I: Expressions of fully anti-symmetric three-body
wavefunctions in the basis of |m,n〉.
It is straightforward to calculate the three-body PPs
by evaluating the energy expectation of |Ψkl〉, simple im-
plementations of numerical integration in Mathematica
with “MultiDimensionalRule” give sufficiently high ac-
curacy. Using V3 as an example, writing Vmn,m′n′ =
〈m,n|eiqaRa12eiq′aRa12,3 |m′, n′〉, we have
V3 =
∫
d2q1d
2q2V~q1~q2
(
1
4
V30,30 −
√
3
4
(
V30,12 + V
∗
30,12
)
+
3
4
V12,12
)
(S48)
By replacing V~q1~q2 with the derived three-body interac-
tions in Eq.(S30) and Eq.(S35), individual three-body
PPs in LLL and 1LL can be computed and compared
with those obtained in the literature, which we list in
Table (II). They agree perfectly with the most updated
values in the literature.
S6
α 3 5 6 7 8 9
(k, l) (0, 1) (1, 1) (0, 2) (2, 1) (1, 2) (3, 0) (3, 1)
V LLLα -0.018101 0.003264 -0.010681 0.005945 -0.004773
( −0.004851 −0.0007
−0.0007 0.005224
)
V 1LLα -0.014684 -0.005352 -0.009899 0.000451 -0.000892
( −0.008818 0.0007
0.0007 0.003314
)
TABLE II: Values of individual three-body PPs, after stripping away an overall factor from permutation of indices.
S3. (LACK OF) GALILEAN INVARIANCE IN
REAL MATERIALS
By definition, for a Galilean invariant system its classi-
cal Lagrangian L satisfies Galilean transformation, which
in particular implies that the equations of motion has to
be invariant when we move to a different inertial frame
with ~˙x → ~˙x + ~v, where ~v is the constant velocity differ-
ence between the two inertial frames, and ~˙x is the parti-
cle velocity. It is easy to check that the invariance of the
equations of motion can only be guaranteed if the kinetic
energy in L is quadratic in ~˙x (or that the correspond-
ing Hamiltonian is quadratic in momenta), otherwise the
equations of motion will explicitly depend on ~v. For free
particles in the limit that the speed of light goes to infin-
ity, the kinetic energy is quadratic in momenta (thus the
dispersion relation is a parabola), satisfying the condition
for Galilean invariance.
Given a general band dispersion 
(
~k
)
computed from
the lattice structure of semiconductors, we can always
expand around the bottom or top of the band. Without
loss of generality we look at the valence band, for the case
that the Fermi level lies above and near the bottom of
the band. The band has Galilean invariance if and only
if 
(
~k
)
∼ | ~k∗|2, where ~k∗ is measured from the bottom
of the band. In general, however, terms of higher orders
in ~k∗ always exist in realistic materials, and Galilean in-
variance is commonly broken. While such effects can be
ignored in most cases and we can still characterize the
band dispersion with a single effective mass tensor (given
by the inverse of the curvature tensor at the bottom or
top of the band), they can still be significant when the
Fermi level moves away from the bottom/top of the va-
lence/conduction band. In the case when external mag-
netic field is applied, the strength of the field also affects
the sensitivity to the breaking of Galilean invariance.
As one can see from Fig.(S1), the external magnetic
field completely reorganizes the original band structure,
FIG. S1: Schematic drawing (not to scale) of a non-Galilean
invariant band system before and after the application of ex-
ternal magnetic field. The dotted line is the Fermi surface,
and the red lines are occupied states.
but the LL spacing is inherited from the band disper-
sion. When the Fermi level is away from the bottom of
the band, if the magnetic field is not too strong, electrons
in partially filled LL will have significant access to other
neighbouring LLs that are not equally spaced. The en-
ergy difference between neighbouring LLs increases with
stronger magnetic field, though LL mixing is also sup-
pressed. If the Fermi level is close to the band bottom,
Galilean invariance is always a good approximation. The
detailed quantitative effects of LL energy differences on
the effective three-body interactions are presented in the
main text.
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